A monolayer of the high-Tc superconductor FeTe1−xSex has been predicted to realize a topologically non-trivial state with helical edge modes at its boundary, providing a novel intrinsic system to search for topological superconductivity and Majorana zero modes. Evidence in favor of a topological phase transition and helical edge modes has been given in recent experiments [1] . We propose to create Majorana zero modes by applying an in-plane magnetic field to the FeTe1−xSex monolayer and by tuning the local chemical potential via electric gating. We demonstrate that, for appropriate parameter regimes, Majorana zero modes can exist at several different locations, including the corner between two perpendicular edges, the domain wall of chemical potentials at one edge, and certain type of tri-junction in the 2D bulk. The scalability and electrical tunability of our proposal render FeTe1−xSex monolayer an promising Majorana platform which is in reach of contemporary experimental capability.
Introduction:
Within the nomenclature of condensed matter, a Majorana zero mode (MZM) is an anyonic quasi-particle excitation with non-Abelian statistics, which underpins the concept of topological quantum computations [2] [3] [4] [5] [6] [7] [8] [9] . A variety of physical systems have been theoretically proposed to realize MZMs, including the ν = 5/2 fractional quantum Hall state [5, 10, 11] , a chiral p-wave state possibly realized in Sr 2 RuO 4 superconductors (SCs) [12, 13] , Pfaffian spin liquids [14] , semiconducting nano-wires in proximity to SCs subject to magnetic fields [15] [16] [17] [18] [19] , the surface of topological insulators (TIs) in proximity to SCs [20] , quantum anomalous Hall insulator-SC heterostructures [21, 22] , and ferromagnetic atomic chains on SCs [23, 24] . Major experimental efforts currently focus on heterostructures made of SCs and spin-orbit coupled systems (such as TIs or semiconducting nano-wires), in which evidences of MZMs have been found [25] [26] [27] [28] [29] [30] [31] . Unambiguous detection and manipulation of MZMs in these heterostructures, however, heavily rely on the SC proximity effect that suffers from the complexity of the interface. Furthermore, the low operation temperature of conventional superconducting materials complicates further manipulation of MZMs. It is thus desirable to find an intrinsic, robust, and controllable Majorana platform that is compatible with existing fabrication and patterning technologies. To this end, recent theoretical predictions and the experimental verification of a TSC phase at the surface of Fe(Se,Te) SCs [32] [33] [34] [35] [36] [37] provides an exciting opportunity due to their intrinsic nature of both superconductivity and non-trivial band structure which further comes along with a comparably high critical temperature T c . More recently, the direct observation of band inversion in two-dimensional (2D) Fe(Se,Te) monolayer suggests the coexistence of a quantum spin Hall (QSH) state and superconductivity, thus providing a new two-dimensional (2D) platform for MZMs [1, 38] , with a T c of 40 K [39] and a large in-plane upper critical field of about 45 T [40] .
In this work, we theoretically explore different feasible experimental configurations to realize MZMs in a Fe(Se,Te) monolayer by controlling the local chemical potential and the in-plane magnetic field. The experimental setup for a Fe(Te,Se) monolayer with local gating is shown in Fig.1(a) . By studying the topological phase transition (TPT) at the one-dimensional (1D) edge and its dependence on the magnetic field direction, we demonstrate the existence of the MZMs at the corner of two perpendicular edges with the in-plane magnetic field parallel to one edge ( Fig.1(b) ) and the chemical potential domain wall (CPDW) along 1D edge ( Fig.1(c) ). We further reveal a 2D bulk TPT between the QSH state and a trivial insulator induced by electric gating in the Fe(Te,Se) monolayer, due to which the MZM can also be trapped in a tri-junction ( Fig.1(d) ).
Model Hamiltonian and TPT at the 1D edge: We will first demonstrate the existence of TPT at the 1D edge in a Fe(Te,Se) monolayer upon applying an in-plane magnetic field. We start from a tight-binding model including five Fe 3d orbitals and spin-orbit coupling (SOC) [33] 
where α,β = A, B labels the sublattices (two Fe atoms in one unit-cell in Fig.1(e) of Fe d orbitals and λ soc labels the SOC strength. The values of these parameters can be found in the Supplementary Materials (SM) [41] . c † αmσ (i) is the creation operator for an electron with spin-σ and orbital-m at the α sublattice site of the unit-cell i. In order to treat superconductivity in a Fe(Se,Te) monolayer without entering a detailed microscopic derivation, we consider spin singlet intra-orbital pairing within the same sublattice, for which the SC Hamiltonian reads
where ∆ 0 is the on-site pairing and ij labels the next nearest neighbor sites for the pairing parameter ∆ 1 [42] . Here, we neglect the inter-orbital pairing, which may also exist [43] , but will not have any qualitative effect. The Zeeman coupling between the external magnetic field B and electron spin s is given by
with the Bohr magneton µ B and the g-factor g 0 .
To study the edge properties of a Fe(Se,Te) monolayer, we consider a semi-infinite system for the above Bogoliubov-de Gennes (BdG) type tight-binding Hamiltonian H 0 +H SC +H Z for open boundary conditions. We consider the (100) edge (with the open boundary condition along the X direction in Fig. 1(e) ) and the angle between the magnetic field and the 1D edge is labelled by θ in the inset of • ). By choosing SC parameters ∆ 0 = 1 meV and ∆ 1 = 0, we find an SC gap at Γ for helical edge states at zero magnetic field ( Fig. 2 (a) ). A nonzero ∆ 1 will not affect our results as the edge Dirac cone is located at Γ. Upon increasing the magnetic field to µ B g 0 B X = 2.3 meV, the Kramers degeneracy at Γ is split due to time reversal symmetry breaking. One branch of the bands close the SC gap at Γ and form a gapless mode with linear dispersion (Fig. 2 (b) ). This corresponds to the TPT featuring the 1D gapless Majorana mode. Further increasing the magnetic field (µ B g 0 B X = 4.7 meV) makes the gap is re-open. The magnetic gap dominates over the SC gap ( Fig. 2 (c) ), thus driving the system into a topologically distinct phase from that in Fig. 2 (a) .
We track the gap evolution as a function of magnetic fields B and chemical potentials µ in Fig. 2 
(d).
A gap closing line separates two topologically distinct phases, one dominated by a magnetic gap and the other dominated by the SC gap, labeled as the phases I and II in Fig. 2 (d) . The existence of the TPT at the edge of a Fe(Se,Te) monolayer suggests that the MZMs can exist at the domain wall between the phases I and II. This scenario was previously discussed for other QSH systems in proximity to SCs [6, 20] . Explicit calculations of MZMs will be carried out in the next section. We find a minimal value of B field relating to 2.3 meV, i.e., corresponding to a magnetic field of 20 T assuming g 0 = 2, for the TPT line at µ = 0meV. This minimal value is set by the SC gap and thus a large enough magnetic field is required to achieve the phase I. Fortunately, this magnetic field is still well below the in-plane critical magnetic field B c ∼ 45 T of a Fe(Se,Te) monolayer [40] .
The magnetic gap further depends on the angle θ in Fig.2(e) . As θ rotates from 0
• to 90 • , the gap induced solely by Zeeman coupling monotonically increases from 3.4 meV to 4.2 meV in Fig.2 (e) for a fixed magnetic field amplitude |gµ B B| = 5 meV and ∆ = 0. The anisotropy of the magnetic gap between perpendicular and parallel magnetic fields is significant δ M = Vmax−Vmin Vavg ∼ 21%. Including orbital Zeeman terms will further enhance this anisotropy (see SM [41] ). As a consequence, the TPT line for the parallel magnetic field (θ = 0
• ) is different from that of the perpendicular magnetic field (θ = 90
• ), as shown by the dashed line in Fig. 2 (d) . We further calculate the TPT lines for the two orthogonal edges (the edges along the X and Y directions) as a function of the chemical potential µ and the field direction angle θ with a fixed field amplitude |gµ B B| = 5 meV and ∆ = 1 meV, as shown in Fig.2(f) . Topological properties of two edges are the same (distinct) in the blue (pink) regions. The existence of magnetic anisotropy for the edge states is essential for the MZMs at the corner discussed below.
MZMs at the corner and the edge CPDW: Due to the existence of a TPT at the edge, MZMs can appear at the domain wall between the phases I and II. To explicitly demonstrate this scenario, we compute its energy levels and show the existence of the MZMs in two different experimental configurations (Fig.1(b) and (c), as well the insets in Fig. 3(a) and (b) ) based on the effective Hamiltonian approach. To capture topological property of Fe(Se,Te) monolayer, the odd-parity j z = ± 1 2 and evenparity j z = ± 3 2 states at Γ needs to be included in the effective Hamiltonian while the even-parity j z = ± 1 2 state is omitted although it gives the highest valence band [33] (See the analysis in SM [41] ). On the basis functions
), the effective Hamiltonian takes the form of Bernevig-Hughes-Zhang (BHZ) model [33, 44] , given by
, s l and σ l label the Pauli matrices in the spin and orbital spaces, and C, D, M, B, A are material dependent parameters. The Zeeman coupling H Z can also be projected into the basis functions ψ † k and is transformed to h Z = µ B (g 1 P 1/2 + g 2 P 3/2 )B X s 1 + µ B (g 1 P 1/2 − g 2 P 3/2 )B Y s 2 , where P 1/2(3/2) = (σ 0 + (−)σ 3 )/2 is the projector operator in the subspace of the j z = ±1/2(±3/2) states and g 1,2 are effective g-factors for the BHZ model. As demonstrated in the SM [41] , non-zero values of both g 1 and g 2 are essential for magnetic anisotropy of helical edge state.
In the superconducting phase, the BdG Hamiltonian, for the basis
is given by
for extended s-wave (s ± ) pairing. We notice that the superconducting gap is opposite for two orbitals in the BHZ model. The detailed derivation of h 0 , h Z and ∆ is shown in the SM [41] . By choosing appropriate parameters C, D, M, B, A, g 1 , g 2 , the effective model can well reproduce the band structure of the tight-binding model near Γ (see SM [41] ).
The effective model allows us to directly calculate the MZMs in two configurations as depicted in the inset of Fig. 3(a) and (b) . We first consider a square geometry with four corners and apply a magnetic field along the X direction (θ =90
• relative to the (100) edge). Due to the limitation of calculation capability, we choose a different parameter set as discussed in the SM [41] , for which we find the (100) edge in phase I while the (010) edge is in phase II. As a result, four MZMs appear at zero energy and are well localized at the four corners, as shown in Fig.3(a) and (c) . The appearance of MZMs at the corner also implies that the bulk SC represents a higher order TSC phase [45] [46] [47] [48] [49] [50] [51] [52] [53] , for which our system provides a concise experimental platform in an intrinsic and high-T c SC domain. The localization length of the MZM depends on the velocity of edge states and the su- boundary condition along the X direction and the periodic boundary condition along Y, as shown in the inset of Fig. 3 (b) . By carefully choosing the chemical potentials µ 1 and µ 2 , the green and pink regions in the inset of 3 (b) are in the phases I and II, respectively, thus allowing for MZM located at two ends of the CPDW between these two regions. Our calculations in Fig. 3 (b) and (d) indeed show four MZMs appearing at zero energy due to two CPDWs in one period of the whole system. Electric field induced 2D bulk TPT: Finally, an additional direction to achieve MZMs inside the 2D bulk system is given through patterning local gating to form a tri-junction with three different regions, as labelled by µ 1 , µ 2 and V g3 in Fig.1(d) . The situation here is quite similar to the edge CPDW in Fig.1(c) and Fig. 3(b) . We choose the same chemical potentials µ 1 and µ 2 for two regions of the tri-junction to be in the phases I and II in Fig. 2 (d) . If we can achieve a trivial insulator phase in the last region V g3 of Fig.1(d) , which is equivalent to the vacuum termination in Fig.1(c) , the tri-junction is topologically equivalent to the edge CPDW and thus allows for the existence of MZMs. Therefore, we next show the existence of a 2D bulk TPT induced by electric gating to tune the 2D Fe(Se,Te) monolayer between a QSH phase and a trivial insulator phase. The key idea here is that the p z orbital of Se or Te atoms is strongly hybridized with the Fe d xy orbital, and thus contributes significantly to the odd-parity j z = ± monolayer, the asymmetric potential between two Se (or Te) layers can induce an energy shift of the j z = ± bands with respect to the j z = ± 3 2 bands. Thus, if we initially tune the band gap close to zero by controlling the Se/Te composition ratio, the 2D bulk TPT between the QSH state and the trivial insulator can be induced by a dual gate voltage. Our tight-binding model does not explicitly involve p z orbital of Se or Te atoms and thus not ideally suitable for studying this mechanism. Instead, we perform a calculation based on the tight-binding model including both Fe d and Se/Te p oribtals from the Wannier function method [54] (See SM [41] for more technical details). The energy dispersions are shown in Fig. 4(a) -(c) for different asymmetric potentials. The QSH state in Fig. 4(a) and the trivial insulator phase in Fig. 4(c) are separated by a 2D TPT shown in Fig. 4(b) . The band inversion can be further revealed by projecting each band to the atomic orbitals. The red and blue colors in Fig.  4(a) -(c) represent the atomic orbital contribution from Fe and Se/Te atoms, from which one can easily see the inverted band structure in Fig. 4(a) and a trivial insulator phase in Fig. 4(c) . The detailed mechanism of this band inversion can be analyzed through perturbation theory, as discussed in SM [41] . In summary, by making the experimental setup shown in Fig.1(d) , our study indicated that MZMs can indeed be realized in a tri-junction configuration.
Conclusion: Our work theoretically demonstrates the suitability of a high-T c SC Fe(Te,Se) monolayer as a platform for the realization of MZMs. A magnetic layer, such as CrX 3 (X=I,Br,Cl) [55] [56] [57] [58] , CrGeTe 3 [59] or FeTe [60] , can be inserted between the Fe(Te,Se) monolayer and the insulator layers in Fig. 1 (a) in order to enhance the magnetic gap of helical edge states through magnetic proximity effect. While the underlying mechanism is similar, this may broaden the parameter regimes for MZMs because of the much stronger exchange interaction compared to the Zeeman coupling. In addition, Josephson junctions may provide an alternative approach to realize MZMs in a Fe(Te,Se) monolayer [61] , an approach which has recently been applied to semiconductor/SC heterostructures [62, 63] . The 2D nature also makes our platform suitable for the potential manipulation and detection of MZMs the implementation scheme of which we leave for future work. Note added: We recently became aware of two independent works on Majorana corner modes, one by Zhang el at [64] for the Fe(Se,Te)/FeTe heterostructure and the other by Wu et al [65] for the QSH/SC heterostructure under in-plane magnetic fields.
